Abstract. In this note, we present a generalized Kakutani-Kodaira theorem for all locally compact groups.
Introduction
Let G be a locally compact group with identity e. The well-known classical Kakutani-Kodaira Theorem says that if G is σ-compact, then, for any sequence {U n } ∞ n=1 of neighborhoods of e, there exists a compact normal subgroup N of G such that N ⊆ ∞ n=1 U n and G/N is metrizable (cf. Kakutani-Kodaira [9] ; see also, e.g., Hewitt-Ross [5, Theorem 8.7 ], Greenleaf-Moskowitz [3, Theorem A.9] and Lau-Losert [10, Remark 14(b)] for a different flavor of proofs). The significance of the Kakutani-Kodaira Theorem has been well demonstrated through its broad applications in harmonic analysis since its introduction in the early 40's. The only limitation of this theorem seems to be the restriction on the σ-compactness of G. However, this limitation is mitigated to a certain extent by the fact that every (non-σ-compact) locally compact group G contains a σ-compact open subgroup G 0 . In practice, the Kakutani-Kodaira Theorem is often applied to such G 0 . But in general the resulting compact normal subgroup N of G 0 may not necessarily be normal in G, even though the quotient space G/N of left cosets of N remains metrizable.
In this note, we shall present a generalized Kakutani-Kodaira theorem that applies to all locally compact groups (Theorem 2). The compact subgroup N obtained through this generalized version is assured to be normal in G. At first glance, we seem to have to yield the metrizability of G/N . However, the degree of the (non-)metrizablity of G/N (or the local weight of G/N ) is completely controlled by the compact covering number of G, which is exactly the essence of the original Kakotani-Kodaira Theorem.
The formulation of our generalized Kautani-Kodaira theorem stems from the author's study on the dual relation between L ∞ (G) and V N(G) as Kac algebras and on how the structure of L ∞ (G), V N(G) and the structure of the underlying group G reflect each other (see Hu [8] 
A generalized Kakutani-Kodaira theorem
For a locally compact group G, we will use κ(G) to denote the compact covering number of G, and χ(G) to denote the local weight of G, i.e., the least cardinality of a neighborhood basis at the identity e of G. With the above preparation, we are now ready to prove the following generalized version of the Kakutani-Kodaira Theorem for all locally compact groups G, which clearly includes the classical KakutaniKodaira Theorem as a special case (the case when κ(G) ≤ ℵ 0 ). The proof is made amazingly brief by applying Lemma 1 and equality ( †) and adopting a similar argument as used in Lau-Losert [10, Remark 14(b)] (thanks to Professor Anthony T. Lau for bringing [10, Remark 14(b)] to our attention).
Theorem 2. Let G be a locally compact group. Then, for any family {U α } α∈Λ of neighborhoods of e with |Λ| ≤ κ(G) · ℵ 0 , there exists a compact normal subgroup
Proof. First, let U be a neighborhood of e. Choose a real-valued continuous function f on G with compact support such that supp f ⊆ U and f (e) = 1. Let A be the translation invariant C * -subalgebra of C 0 (G) generated by f . Claim 1: dense(A) ≤ κ(G) · ℵ 0 . Let n be any fixed positive integer. For each x ∈ G, since f is a continuous function on G with compact support, there exists a neighborhood U n (x) of x such that
where y f denotes the left translate of f by y. So, there exists a subset E n of G such that |E n | ≤ κ(G) · ℵ 0 and G = x∈E n U n (x). We may assume that e ∈ E n for all n. Let 
Therefore, Claim 1 is proved. Owing to Lemma 1, there must exist a compact normal subgroup
Assume that G/N is infinite. Combining Claim 1 with equality ( †), we have
Furthermore, for all t ∈ N , since f t = f , f (t) = f (e) = 1. In particular, we have N ⊆ supp f ⊆ U . Therefore, Claim 2 holds.
In general, let {U α } α∈Λ be an arbitrary family of neighborhoods of e such that |Λ| ≤ κ(G) · ℵ 0 . Let us consider the functions f α for all U α as we choose f for U . Let A be the translation invariant C * -subalgebra of C 0 (G) generated by {f α } α∈Λ . Then, by Lemma 1 again, A = C 0 (G/N ) for some compact normal subgroup N of G. Since |Λ| ≤ κ(G) · ℵ 0 , it is readily seen from the proof of Claim 1 that
Moreover, for each α ∈ Λ, since f α ∈ C 0 (G/N ) and f α (t) = f α (e) = 1 for all t ∈ N , we have N ⊆ supp f α ⊆ U α . Therefore, N ⊆ α∈Λ U α . The proof is complete. The author thanks the referee for the valuable suggestions, in particular, for suggesting the simplified proof of Theorem 2 presented here.
